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Abstract 

We constructed the most general N = 4 superconformal 3-particles systems with translation invari- 
ance. In the basis with decoupled center of mass the supercharges and Hamiltonian possess one 
arbitrary function which defines all potential terms. We have shown that with the proper choice 
of this function one may describe the standard, A2 Calogero model as well as BC2, B2,C2 and D2 
Calogero models with N — 4 superconformal symmetry. The main property of all these systems is 
that even with the coupling constant equal to zero they still contain nontrivial interactions in the 
fermionic sector. In other words, there are infinitely many non equivalent N = 4 supersymmetric 
extensions of the free action depending on one arbitrary function. We also considered quantization 
and explicitly showed how the supercharges and Hamiltonian are modified. 



1 Introduction 



The famous action of the n-particles Calogero model reads [T] 



S( n ) — I dt 



1 
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(1.1) 



where the n coordinates Xi depend on the time t only. This action describes a system of n identical 
particles on the line with pairwise interactions. All models with actions (|1.1|) are invariant under conformal 
transformations in one-dimension. The standard description of this invariance consists in the statement 
that the Hamiltonian for the action (|1.1|) 



H 



1 ™ 
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(1.2) 



i—l i<Cj 

forms the so(l, 2) algebra together with the generators of the dilatation D and conformal boost K defined 



as 



%iPi 



X i 
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with respect to canonical Poisson brackets 



(1.3) 



(1.4) 



In this paper we consider a N — 4 supersymmetric generalization of the particular case of the system 
(jl.lj) with three particles. As its basic property, the constructed system will possess invariance with 
respect to the N — 4 super-extension of the so(l, 2) symmetry - i.e. the su(l, 1|2) superalgebra. 

The case of the 3-particles Calogero model is the first nontrivial one. Indeed, in the case when n = 1 , 
the action (jl.ip is just a free action for the center of mass Xq = x\ 



S(i) — I dt 2^o 2 



The next case with n — 2 is described by the action 



(2) 



dt 
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After passing to the coordinates 



x 2 ) 



it acquires the following form: 



S(2) - 



dt 



(1.5) 



(1.6) 



(1.7) 
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So, in this case we have a direct sum of two actions: one again describes the free motion of the center of 
mass of the system with the coordinate Xq, while the second one is the action of conformal mechanics 
[2]. The N = 4 supersymmetrization of these two cases is rather simple. In the case with n = 1, we need 
just the free N = 4 supersymmetric action for the particle in one dimension, while for the two particles 
case the corresponding N — 4 action is a direct sum of the N — 4 free action and the action of N = 4 
superconformal mechanics [3]. It is worth noting that, for n = 1,2, the actions are completely fixed if 
one insists on the conformal invariance. 

The main new feature which appears for the n > 3 cases is the fact that the conformal invariance is 
not enough to completely fix the action. Indeed, even for the 3-particles case one may construct infinitely 
many conformally invariant actions (see the discussion at the end of the next Section). In this respect, 
the Calogero models should be picked up from this huge set of conformally invariant models by some 
additional, still unknown properties or symmetries. In addition, the N — 4 superconformal symmetry 
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puts strong conditions on the possible potential terms. It was shown in [3j that the proper potential 
for the one-particle N = 4 superconformal mechanics can not be added by hand, instead it is generated 
automatically from the superfield cr-model terms due to the presence of a constant among the auxiliary 
components of the corresponding N = 4 supermultiplet. Thus, the structure of the potential cannot be 
freely generated as in case of N = 2 supersymmetry [3]. All these features forced us to consider firstly 
the simplest case of the N = 4 supersymmetric extension of the 3-particles Calogero models, which is the 
main subject of the present paper. 

The first attempt to construct the N = 4 supersymmetric extension of the Calogero models was 
performed by N. Wyllard in [5]. The result was completely discouraging. Indeed, it was shown that 
such a system does not exist at all. The next important step has been done recently in [6] where the 
supercharges and Hamiltonian were explicitly constructed for the N = 4 supersymmetric 3-particles 
Calogero model. In this paper the Authors showed that the terms which spoil the construction by 
Wyllard can be interpreted as quantum corrections. So, in the classical limit the proper action (|l.ip 
could be obtained. Unfortunately, the component description in the Hamiltonian formalism presented in 
[6] being extended to n > 3 particles cases leads to a very complicated systems of equations for which 
even the proof of existence of solutions is rather nontrivial. 

In the present paper we show that the N — 4 supersymmetric 3-particles Calogero model has a very 
natural formulation in terms of N = 4 superfields. Moreover, we constructed the most general N = 4 
superconformaUy invariant 3-particles action which contains, as particular cases, the known A 2 ,G 2 and 
BC 2 Calogero models. These results have been achieved by excluding the center of mass and passing to 
a new set of coordinates. In addition, we explicitly demonstrated that there are infinitely many N = 4 
supersymmetric extensions of the free 3-particles system and only one of these extensions could be lifted 
up to the N — 4 Calogero model. 

2 Preliminaries: the bosonic case 

The bosonic action of the 3-particles Calogero model 



'(3) 



dt 



i<3 
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(2.1) 



is not too convenient for supersymmetrization. First of all, after passing to the new coordinates 
A = (xi + x 2 + x 2 ) , yi = -^= (2xi -X2-X3), y% = —= (x 2 - x 3 ) , 



(2.2) 



one may decouple the motion of the center of mass, which is described by the coordinate Xq, from the 
rest of the coordinates 



s {3) = s + s = J dtr-xi + l -Y.y"-9 



1 



^2 (V3yi + y 2 ) Whi-mY 



(2.3) 



Clearly, the supercharges for such a system will be just the sum of two sets of commuting supercharges 
- one set for a "free particle" Xq and the second one for the interacting particles y\,y 2 - The supersym- 
metrization of the free action So goes straightforwardly, so we will restrict our attention in this paper to 
the supersymmetrization of the action S (|2.3p . Even in this case, one may further simplify the action by 
passing to the new coordinates 

2/1 = e u sin <fi, y 2 = e u cos 4>. (2.4) 



In these coordinates the action S (|2.3|) acquires the following form: 



S 



dt 



ie 2 "(W0 2 )-9g 
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2~ V" ' r J ~* cos 2 (30) _ 
So, our task in this paper is to construct the N = 4 superconformal extension of this action. 



(2.5) 
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Before closing this Section it makes sense to comment on the conformal invariance of the action (I2.5|) . 
In one dimension the conformal group is 5*0(1, 2), and it has the following realization on the time t 



St = f{t), 



dt 3 



f(t) = => f(t) =a + bt + ct 2 



(2.6) 



The parameters (a, 6, c) correspond to the translations, dilatations and conformal boosts, respectively. 
In contrast with the standard treatment of the conformal invariance of the Calogero model we shortly 
discussed in the Introduction, one may check that the action (|2.5p is explicitly invariant under (|2.6p 
provided the field u transforms as a dilaton 



6u = f{t), 



(2.7) 



while is a scalar under conformal transformations. In this paper we will adhere just to this formulation 
of the conformal invariance and will extend it to the N = 4 supersymmetric case in the next Sections. 

Finally, with our interpretation of the conformal invariance, it becomes almost evident that it does 
not fix the action in the 3-particles case. Indeed, the most general conformally invariant action for the 
dilaton u{t) and arbitrary scalar field <j)(t) reads 



5' 



dt 



-e 2u (u 2 
2 
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where V((f>) is an arbitrary function of its argument and g is a coupling constant. Clearly, the Calogero 
action (|2.5[) is a very special case of the general conformally invariant action (|2.8[) . One has to men- 
tion, that the standard treatment of the conformal invariance of the Calogero models leads to the same 
conclusion. Indeed, in the new variables x = e u the Hamiltonian for the action (|2.8p reads 



H 



V<t> 
2 



gV(cf>) 



(2.9) 



It is a rather evident that the Hamiltonian (|2 .9[) forms the so( 1,2) algebra together with the following 
generators of the dilatations and conformal boosts: 



D 



xp x 



K 



(2.10) 



similarly to (|1.2p , (|1.3[) . Clearly, the potential V{4>) is still a completely arbitrary function and, in order 
to bring it to Calogero form (|2.5[) . one has to impose additional requirements besides the conformal 
invariance. 



3 Superconformal invariance and superspace action 

In order to construct the N — 4 supersymmetric extension of the action (|2.8p , we have to choose the 
proper N — 4 supermultiplcts which will contain our bosonic fields u(t) and (j>(t) and then construct the 
superconformally invariant action which will be reduced to (|2.8|) in the bosonic limit. Concerning the 
suitable supermultiplets we do not have too much freedom. It has been known for a long time that there 
is only one N = 4 supermultiplet with one physical boson among its components [3]. So, we will need 
two such multiplets. In the N — 4, d — 1 superspace with the coordinates (t, 8i,8 l ) they are described by 
a pair of real bosonic superfields Y, V subjected to the following constraints [3]: 

[D\Di]Y = 0, [D\D. l ]V = 0, (3.1) 

where the covariant spinor derivatives obey the following algebra: 

{D i ,D j )=2i5)d t , {D\D J } = {~D u Dj} = 0. (3.2) 

1 In accordance with the standard definition of the conformal transformations in d = 1 they are just general coordinate 
transformations St = f(t) without any restrictions on the function /. The finite dimensional subgroup of this infinite 
dimensional group is £0(1, 2) which is selected by the constraint 12.01 ) on the function f(t). 
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It is worth to note that immediate consequences of the constraints (|3.ip are 



j- t D 2 Y = f t D 2 V = 0, f D 2 Y = iM, D 2 V = im, 

±~D 2 Y = 4;D 2 V = I D 2 Y = -iM, D 2 V = -im, 

at at 1 



(3.3) 



where m and M are constants. So, among the auxiliary components in the superfields Y and V there 
are some arbitrary constants. Just these constants will give rise to a potential term in the full action [3]. 

The next step is to construct the superconformally invariant action in terms of our N — 4 superfields 
Y, V. In one dimension the most general N = 4 superconformal group is D(2, 1; a) [7]. Here we restrict 
our consideration to the special case of D(2, 1; a) with a = —1, which corresponds to the SU(1, 1|2) 
superconformal group. This group may be naturally realized in N = 4, d = 1 superspace as [3] 

8t = E-~6 i D i E-^6 i D i E, Se^-^D.E, 59 l = - l -D l E, (3.4) 

where the superfunction E(t, 8, 9) collects all SU(1, 1|2) parameters 

E = f(t) - 2i (eO - 9e) + OWB^ +2(i6 + 0$) {66) + ^(66) 2 f. (3.5) 

Here 

f = a + bt + ct 2 , e^^ + trf. (3.6) 

The bosonic parameters a, b, c and -B(y) correspond to translations, dilatations, conformal boosts and 
rigid SU(2) rotations, while the fermionic parameters e l and rf correspond to Poincare and conformal 
supersymmetries, respectively. One may check that by construction the function E (13. 5|) obeys the 
conditions 

D 2 E = D 2 E = [D\D t ] E = 0, d^E = d 2 t D l E = d t D^D^E = 0. (3.7) 
It is a rather important that the spinor derivatives (|3.2[) transform under SU(l, 1|2) as [8] 

5D l = - % - {D l D 3 E) D\ SDi = - % - (DiD 3 E) Dj. (3.8) 



One may check that, in view of (|3.8|) . the constraints (|3.1| are invariant under the N — 4 superconformal 
group SU(l, 1|2) only if the superfields Y, V nontrivially transform as 

SY = d t E F, 8V = d t E V. (3.9) 

So, the superfields Y, V are vectors under superconformal transformations. 

In order to construct a superconformally invariant action, one has take into account that the super- 
space measure ds 

ds = dtd 2 9d 2 6, (3.10) 

is also transformed under l|3.4p as 

5ds = -d t E ds. (3.11) 
Thus, the superconformally invariant measure can be constructed in the two different ways 

A x s = Yds, or A 2 s = Vds. (3.12) 

With all these ingredients we are ready to write the N — 4 superconformally invariant action for the one 
particle case [3] 

If.,,, 1 



5(i)=-- / AislogY = -- / dsYlogY. (3.13) 



In order to check the invariance of this action, it is crucial to use the properties (|3.7p . Indeed, the 
variation of the action (|3. 13|) reads 

SS ( i ) =~J dsd t EY. (3.14) 

All terms in the r.h.s. of this variation disappear after integration over Grassmann coordinates only in 
virtue of the constraints (13.71). 
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The bosonic sector of the action (|3.13|) read^EI 



°(1 



bos 

(i) 



32 



dt 



y 



y 



(3.15) 



where y is the first bosonic component of the N = 4 superfield Y. Clearly, after passing to the new variable 
z = y/y the action (|3 . 1 5|) will coincide with (|1.8p (without center of mass Xq) upon the identification 

g — 4j^-. This is the well known case of the N = 4 supersymmetric one particle Calogero model. It is 
evident that the two-particles case can be easily constructed as a direct sum of two such actions. The 
main lesson we have learned from these simplest cases is how to automatically generate the corresponding 
potential terms thanks to the presence of constants among the components of our superfields. This makes 
all the N = 4 supersymmetric construction strictly rigid. 

The general bosonic action for the 3-particles case in the basis where the center of masses is decoupled 
(|2.8p contains an arbitrary function V(cf>). So, for extending the above construction to the 3-particles 
case, i.e. the case with two superfields Y and V, one has firstly to construct a scalar superfield from Y 
and V as follows: 

Z = VY~ 1 => SZ = 0. (3.16) 

Then, the general superconformally invariant action constructed from the superfield Y and scalar super- 
field Z has the form 



qgen 
D (3) 



l - J dsY[logY + F(Z)} 



(3.17) 



where F (Z) is an arbitrary function of the scalar superfield Z (|3. 1 6[) . The invariance of the first term in 
the action (|3.17p has been already demonstrated above, while the second term is manifestly invariant by 
construction. 

Our main statement is that the N = 4 supersymmetric 3-particles Calogero model lies inside the class 
of the general superconformally invariant actions (|3.17[) . In order to prove this, let us firstly consider 
the bosonic part of the component action which follows from (|3 . 1 T[) after integrating over Grassmann 
variables and putting all fcrmions to zero. This bosonic action reads 



nbos 

S W ~ 32 



dt. 



\2- 

y 



M 2 

y 



F zz 4yz 



{m-Mzf 

y 



Here z is the first bosonic component of the N — 4 superfield Z . Now we put M = 0, choose 



F zz = 4(<p z y 



and pass to the new coordinate u = ^ l°g(y) 



S$ = I dt 



e 2u u 2 + 6 2 



(3.18) 



(3.19) 



(3.20) 



Here we used the equality </> = 4> z z to bring the kinetic term for (f> to the standard form. It is clear now 
that if we will choose 

^2 1 



(3.21) 



9 cos 2 (30) ' 

then the action (|3.20[) will coincide with (|2.5[) upon the identification 9g — m 2 /72. The last step is to 
reconstruct the function F(z) from (|3. 19|) and (|3.21[) 

F zz = 



9(1 4 z2) F = ~ [(1 + z) log(l + z) + (1 - z) log(l - z) 



(3.22) 



Thus, the bosonic sector of the N — 4 superconformal action (|3.17[) with the function F defined in (|3.22|) 
coincides with the action of the 3-particles Calogero model (|2.5p . In the next Section we will find the full 
component form of this action. 



2 We defined the superspace measure as d 2 9d 2 9 = jgD 2 D 2 . 
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4 N=4 supersymmetric 3-particles Calogero model 

With the function F specified for the case of Calogero model in (|3.22[) , the action (|3.17p may be rewritten 

as 

1 r r k 

(4.1) 



'(3) = - r / '/> 



log Y + (Y + V) log (Y + V) + (Y — V) log (Y - V) 



4.1 Component action 

In order to pass to components, one has to integrate over Grassmann variables. Before doing this, let 
us define the component fields. The constraints (|3 . 1 1) with M = leave the following components in the 
N = 4 superfields V and Y: 

v=V\, ^ = iD l V\ , tpi = iDiV\ , 4 = ^[D\Dj] V\ , im = D 2 V\ , -im = D 2 V\ , 

y=Y\, \* = iD l Y\ , A, = %DiY\ , B) = Y\ , 

(4.2) 

where, as usual, | means restriction to #j = B % = 0. Now one may integrate over 9's to get the full off-shell 
component action of the model 

1 dti 10— + A Ky ' + 4- vy ' 



144 J (_ ?/ + w y — v 

■ — r~o or[A*Aj — A* Aj] + 8z — ^ — „ ... , . , ., ., 

y{y — u ) y z — v y — tr 



2i J,2_ 2 # A * ~ Ai ^] + 8i TTJ^ " ^ + 8i 2 _ 3 [AV< - ^A* + ^Aj - 



2m 2 - \im g ^2 [A 2 + ^ 2 - A 2 - + 4zm— [A 1 ^ - A^ 1 ] 

y — tr (y + -y) z (y — w) z (y + v ) z (y — w) 

5 -B^B (ij) ^(B^ + A^)(B {lj) + A (ij) ) - ^~ v (B^ - A^)(B (ij) A (ij) ) 



^A 2 A 2 - - — 3 (A^ + V/)(A 4 + + ^-)(A j + - t—^- Vi 



rA A - 7^— ^(A 1 + V/)(A 4 + V<)(Aj + ^)(A J + ^) ~ 7— ^( AJ " ^)(Ai - - V^)(A J - ^) 

(4- 

The iV = 4 supersymmetry transformations 5^ = i(EiQ % + e l Qi)'^ are realized on the components (|4.2[) 

as 

<5v = + Eitp 1 , <5V> 1 = - SkA^ - ^£*to , Sipi = \fi m — + e k A( ik ) 

Sy = s% + s i X i , 6\ l = -ie l y - e k B<- lk \ 6\ t = -ie iV + e k B (lk) . (4.4) 



One may check that the action ()4.3|) is invariant with respect to these transformations. 

In order to bring the action (|4.3|) to the familiar form (at least in the bosonic sector) one has to 
introduce new physical bosonic fields 

y = e 2u , v — c 2u sin(30). (4.5) 

For simplifying the component action, we also introduce a new set of spinor variables (77, £) which are 
related to the old ones as 

^ = 3e" cos(30) f + 2e u sin(30) , A 4 = 2e tl ?7 l , 

^i = 3e"cos(30)fi + 2e u sin(3^)?7 i , A* = 2e u fji . (4.6) 

The next step is to use the equations of motion for auxiliary fields to express them in terms of physical 
components 

B(ik) = -4f(i£k) - 4?7 (i 77 fc) , 

A{ik) = l-4sin(3(/>)£ (i 4) - 4 sin(30)?7 (l ?7 fc) - 6 cos(3^)£ (i ?7 fc ) - 6 cos(30)?7 ( ^ fc) . (4.7) 



G 



Finally, using (|4.7|) one may find the on-shell action of N = 4 3-particles Calogero model 

(f + 2 ) + l -(fj% - n%) + l -(Cii - flO + i<fi(v% - Cm) 



2 

2 -In 1 • -2u Sin(3(p) . 2 ^2n . • -2u 1 / t-i t -i\ 

- m e 77-. — r — ime tt, — r i — c ) + ime ; — r(£ Vi — c.iV ) 

72 cos 2 (30) 4 cos 2 (30) v ^ w 6cos(30)^' * u 

- r 2u (^ - 3 i 1 ~ c^) ) ^~ 2 ) ~ i (^~ 2 + w 

- e~ 2 " (//'//,;■-;,, + + \e- 2u tan(30) (ift^ + } (4.8) 
4.2 Supercharges and Hamiltonian 



The explicit form of the on-shell action (|4.8j) together with the N — 4 supersymmetry transformations 
(14.4)1 . (|4.7[) provide all ingredients needed to construct the supercharges and Hamiltonian. 
First of all, we define the momenta for bosonic and fermionic components 

P u = e 2u ii, P<t, = e 2u <p + i(r)%-efji), (4.9) 

4 = \l\ A = \ff. (4.io) 

As usual, the fermionic momenta (|4. 10)) mean that the system possesses second class constraints. There- 
fore, one has pass to Dirac brackets for the canonical variables 

{u,P u } D = l, {<f>,P <t> } D = l, {V i ,fjj}n = i6 i j , {e,£j}n = iS i j . (4.11) 

Now one may check that the supercharges Q l , Qi 

Q i = e-WPu + e-"f^ ~ T-^f " tan(30)^ 2 r + '-e^rfff - 2ie~^ \ k , 

D cos(30) 2 2 

Qi = e-^Pu + e~%Pt + T ^^T^i ~ T e- M tan(30)&£ 2 + + 2ie- u ^ k) fj k . 

b cos(30) 2 2 

(4.12) 

and the Hamiltonian 

H = \e- 2 ^P 2 u + \e- 2 ^P 2 - le^P^ {r,% - £%) 



72 6 ' W cos 2 (30) 6 6 Uos(30)^ cos(30)^ 2 cos 2 (30) ^ + 2 cos 2 (30)* 



-2n m 2 _ ^ e -2u_ / 1 „ 4e 1 ^ F 3 sin ( 3 0) tf 2 , 3 SUl(30) 

cos 2 (30) 6 

+ k 2 "("V-3(i-dy« 2 ? 

+ «"*■ + 2V£,{ J %) - |e- 2 ' tan(3« (,'£,£» + { 2 fj,j~<) (4.13) 

form the N = 4 superalgebra 

{Q l ,Qj} = 2i(5jfT. (4.14) 
With this, we completed the classical description of the 3-particles Calogero model. 

5 N=4 supersymmetric systems: general 3-particles case, G2, 
BC2, B2, C2 and D2 Calogero models 

In the previous Section we considered the particular case of the general N = 4 superconformal action 
([3.17P for the most interesting case of the A2 Calogero model corresponding to the superfunction F(Z) 
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specified in (|3.22|) . But the general case could be also treated in the same manner. Indeed, one may 
check that the supercharges 



777 _ i 

e- X P*- 1 re-» m e--e 



m 



Q l - e- u rfP u 

Qi = e- u fjiP a + e~%P^ + ^e- u F(<j>)$ 

6 

form with the Hamiltonian 
H 



I 
i 

— i 

2 



y-*jMti? + L >> "<>,ir + 2ir -„.;,.,,/■ c,r, 



1 2i, p2 | 1 . 2n r>- 



2" 



-e ~P$ - ie-^P* tfZi - Cm 



f 



1 



-2u I J2-2 



iff? - 3 



(5.2) 



the same TV = 4 superalgebra (|4. 14[) with respect to the same brackets (|4.11[) . Here, the function F(<f>) is 
implicitly related to the prepotential F(Z) as 



F, 



,) 2 - 



(5.3) 



These supercharges and Hamiltonian provide the most general solution for all possible 3-particles (with 
translation invariance) and 2-particles systems with N = 4 superconformal invariance. As particular 
commonly interesting cases, let us consider in details the BC2 and G2 Calogero models. 



5.1 Gi Calogero model 

The rational G2 model was originally proposed in [9] . Its action 



'G 2 



dt 



2.9 



E 



6/ 



(5.4) 



describes a 3-particles system with pairwise and three-body interactions. It is worth mentioning that in 
the limit / — > 0, the G2 model becomes the Calogero one (|2.1|) . After passing to the coordinates l|2.2j) . 
the center of mass with the coordinate Xq completely decouples 



Sq 2 — 5*o + S 



J*{k*i+ktii-o 



1 



/ 



1 



y 2 {V3yi+y 2 ) (V3yi-y 2 y 
4 



V\ (V%2 + yi) (\/%2-yi)' 
Finally, after introducing the new coordinates (|2.4p the action acquires a very nice form 

9 „.-2« / 



Sc 



dt 



9e 



-2 u 



cos 2 (30) 



9e 



sin 2 (30) 



(5.5) 



(5.6) 



So, our task is to construct the N — 4 superconformal extension of this action. Just comparing the 
Hamiltonian for bosonic G2 model with the general one in (|5.2|) , one may immediately fix the function 
F to read 



-m 2 ^ 2 (0)=9 



(5.7) 



v cos 2 (30) sin 2 (30) )' 

With this function T the supercharges (|5.1|) provide the supercharges for the N = 4 supersymmetric G2 



model. 
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The superpotential F{Z) entering the superfield action (|3.17|) may be also easily restored to be 



F = — [(1 + 4z) log(l + Az) + (1 - Az) log(l - Az)] 
to 

for the case g = f ■ Here, the coordinate z is related with as 

cos 2 (30) = 2z + i 



(5. 



(5.9) 



and Tj- = 72<?. When <? ^ / the superpotential reads 



F = 



9ai 
9ai 



[{a\z + bi — \/a) log(aiz + b\ — \/a) — (a%z + h + \/a) log(aiz + bi + \/a)] + 
{ ai z + h + a/9) log(aiz + b x + V/3) - {a x z + b 1 -y/(3) \og(a lZ + b r - y/ff)] . (5.10) 



Here, 



and 



with 



= ag, f = f3g, — = 72g 



cos 2 (30) = a x z 2 + 2b x z 



ax =0 -a, b\ = -(a + 0). 



(5.11) 
(5.12) 
(5.13) 



5.2 BCi Calogero model 



Unlike the ordinary 3-particles Calogero model, the BCi ,Bi,C2 and D 2 Calogero models are not trans- 
lation invariant. The actions for BC2, B 2 ,C2 Calogero models are all given by [TOl [TT] 



'BC 2 



1 



1 


52 


' 1 1 " 




(yi +?/2) 2 _ 


2 




} 



(5.14) 



When the coupling constant g 2 goes to zero, the action (|5.14[) degenerates to the action of D 2 Calogero 
model. 

Similarly to the previously considered cases, after passing to the coordinates (|2.4p the action (|5.14|) 
is simplified to 



5 BC2 = J ^{ie 2 "(V+0 2 ) -2e 



-2u 91 



cos 2 (20) 

Once again, comparing (I5.15|) with (|5.2| one may find the function T 



2e 



-2u 92 



sin'' (20) 



1 

72 



m 2 .F 2 (0) = 2 



,9i 



92 



cos 2 (20) sin 2 (20) 



(5.15) 



(5.16) 



Clearly, the supercharges (|5.ip with this function inserted, yield the Hamiltonian (|5.2|) which is just N = 4 
superconformal Hamiltonian for the -BC2, -B2, C2 and D2 Calogero models. 
Finally, the superpotential F{Z) for this model reads 



F = - [(1 + 4z) log(l + Az) + (1 - 4z) log(l - 4z)] 
for the case g\ = #2 = g. Here, the coordinate z is related with as 

cos 2 (20) = 2z + - 



(5.17) 



(5.18) 



9 



2 

and 21- — g. When g x ^ g 2 the superpotential reads 



F = 



Here, 



and 



with 



\{a\Z + 61 — \fa) log(aiz + b% - \fa) — [a\Z + b\ + \/a) log(aiz + bi + \/a)] + 



2ai 



(aiz + 61 + log(aiz + b x + \f]3) - (a x z + b x - VT?) log(aiz + b x - \ff$) ■ (5.19) 



9i = ag, g 2 = pg, = g 



cos 2 (20) = a x z 2 + 2b x z 



a x =/3-a, b\ = -(a + (i). 



(5.20) 
(5.21) 
(5.22) 



5.3 Quantization 

In order to simplify the construction of the quantum version of the supercharges and the Hamiltonian, 
let us firstly pass to the new coordinate 



x = e u . (5.23) 
Now, the classical supercharges read 

1 
x 
1 

X 

With our choice of the Dirac brackets (|4.11[) and the N = 4 superalgebra (|4. 14[> . we perform the quanti- 



Q l = ifP x 



771 i J~ f i 



(5.24) 



zation by replacing the Dirac brackets ^^commutators using the rukl 

-*{ > W«c = M 1 }i 

and obtain the quantum algebra 

= 0, {Qi,Qi} = 0, 
{Q l ,Qj} = 2h6jH quant . 

In order to satisfy the quantum superalgebra (|5.26p the supercharges get modified as 



(5.25) 



(5.26) 



= rfP x + - 
x 



Qi = mPx + - 

X 



CP, - jr? - ~e? + frff ~ ^H k \k + i\ [rf 

+ - + -mf + ^^k)t - %\ (fji - yli 



T' 



(5.27) 



6 v 2 

Let us stress that in (|5.27p the order of all operators is strictly fixed so as to obey (|5.26|) . The quantum 
Hamiltonian is also modified by quantum corrections 

Hquant — H + H q , (5.28) 

where H is the classical Hamiltonian (|5.2p rewritten in the ir-coordinate (|5.23p and with all terms ordered 

"1 



H 



1 9 1 
-Pi + — 77 



-Pi - iP^ ( v % - Cm) 



1 2-7-2 * 

— m J- to 



72 



1 I V V 



JT'2 p> 



- :2 - ( 3 + J — - J — ) £ 2 £ 2 



2 T 



(5.29) 



3 We decided to introduce the Planck constant h explicitly, in order to keep full control on quantum corrections. 
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and the quantum corrections read 



h 



T 



T" 

T 



8x 2 



^2 
-p2 



J T 



(5.30) 



These expressions provide the description of the general N = 4 superconformally invariant 3-particles 
mechanics (with the translational invariancc) in the basis with decoupled center of mass. 



6 Conclusion 

In this paper we have constructed the most general N = 4 superconformal 3-particles systems with 
translation invariance. In the basis with decoupled center of mass the supercharges and Hamiltonian 
possess one arbitrary function which defines all potential terms. We have shown that with the proper 
choice of this function one may describe the standard, A 2 Calogero model with N = 4 supersymmetry, 
as well as BCi, B21C2 and D2 Calogero models. The main property of all these systems is that even 
with the coupling constant equal to zero they still contain nontrivial interactions in the fermionic sector. 
In other words there are infinitely many inequivalent N = 4 supersymmetrizations of the free action 
depending upon one arbitrary function. Just this property makes all construction rather nontrivial. 
Indeed, one cannot start from the supercharges for the free model and then try to find the coupling- 
constant dependent terms to get, for example, N = 4 supersymmetric Calogero model. The freedom in 
the "free" supercharge has to be fixed firstly in a proper way. This is the main difference between N = 2 
and N = 4 supersymmetric models. We also considered the quantization and explicitly showed how 
the supercharges and Hamiltonian get modified. The bosonic core of the quantum Hamiltonian contains 
fi 2 -terms in full agreement with the results presented in [6]. This is again a novel feature of N = 4 
supersymmetry which appeared already in the one particle case |12) . 

It is worth noting that our construction is closely related with the considerations in [T2J H3] . 

An immediately interesting issue for future study is provided by the cases with n > 4 particles. The 
corresponding superfield construction is not too complicated. But some new features appear in these 
cases. First of all, in the superfield Lagrangian there may appear some additional terms. So, the most 
general action is not of the form (I3.17|) with the superfunction F depending on (n — 2) scalars. In 
addition, there is freedom to choose as the basic superfields two types of TV = 4 superfields with one 
physical boson: the standard one and the "mirror" supermultiplet (see e.g. [14] and references therein). 
Finally, the following serious problem arises. Throughout the paper we worked in the rather specific 
coordinate system in which the N — 4 supersymmerization has the simplest form. In this system (with 
the center of mass decoupled) we also select one field u to be a proper dilaton field. The arbitrary function 
which defines the potential terms and self-interaction of the fermionic coordinates depends on the rest 
coordinates - one scalar field in the case of the 3-particles system. In the cases with n > 4 particles the 
main problem is to specify the arbitrary function in order to have 1) flat bosonic kinetic terms, 2) proper 
potential terms in the bosonic sector. This is not so easy and we are planning to consider all these tasks 
elsewhere. 
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